A recently derived mathematical model of an isolated heart is extended here to a closed-loop cardiovascular system. Taking the end-diastolic volume as state variable, the authors show that the closed-loop cardiovascular system can be described by a onedimensional nonlinear discrete dynamical system that depends on parameters describing the systolic and diastolic properties of the heart, heart rate, total peripheral resistance, and arterial capacitance. Studies of this model show that the system possesses a rich spectrum of dynamical behavior, from stable points through stable cycles to a .. chaotic" behavior. It is shown that such an analysis of dynamic behavior yields those domains in the parameter space that correspond to a normal and abnormal beating heart, when the heart ejects time-invariant and time-variant (periodic or aperiodic) stable stroke volumes, respectively. Determination of such domains may lead to better understanding of the specific pathologic mechanism involved in the evolution of an abnormal beating heart.
INTRODUCTION
The left ventricle (LV) normally ejects, each heart beat, a time-invariant stroke volume. This property is maintained over a wide range of states including rest, exercise, anger, and disease. An illness that disturbs the cardiovascular integrity may cause ejection of a time-variant stroke volume, which may be periodic or aperiodic. From clinical experience [1, 8, 11, 17] we know that the change from a time-invariant stroke volume (normal) to a time-variant stroke volume (pathologic) occurs, with an initially constant stroke volume becoming periodic and finally aperiodic. The special case of abnormal beating heart. Some concluding remarks and the significance of the results are discussed in Section 4.
MODEL DEVELOPMENT
We consider the cardiovascular system-the heart and the vascular system-described in Figure 1 . In this model, the heart is reduced, as in [6] , to the left ventricle (LV) pump, with the mitral and aortic valves; the vascular system is represented by an elastic chamber (reservoir) with a constant compliance C and a rigid tube of a constant resistance R. (See Table 1.) Let un' Xn, and Yn be the venous return volume, the end-diastolic volume, and the stroke volume at the nth beat, respectively. By the mass conservation law we obtain that (1) Xn+I=(Xn-Yn)+Un' that is, the end-diastolic volume at the (n + I)th beat is the sum of the end-systolic volume (the remaining volume) and the venous return volume of the nth beat.
Let T be the period of one cardiac cycle, and assume, for simplicity, that the ejection time is equal to the filling time. We assume that the mitral (inlet) valve and the aortic (outlet) valve are normal-that is, the flow is one-directional-and have constant resistances denoted by Rm (mitral) and Ra (aortic). We also assume that the flow (both inflow and outflow) can be approximated by Poiseuille' slaw. Let V be the total blood volume and V 0 the volume of the elastic reservoir (see Figure I ) at atmospheric pressure; Remark. Let K be the parameter space in which p. is allowed to vary. For a fixed point p. in K, Equation (5) can be related to an iteration of the map f!' of the interval I into itself.
In practice, f depends on the parameter p.. As we will show in the sequel, the behavior of this system depends on p..
STABILITY ANALYSIS A. DYNAMIC PROPERTIES OF EQUATION (5)
Possible fixed points (or equilibrium values) of x in Equation (5) An equivalent graphical method is to find the points where the curve f ,, ( x) that maps x n into x n + I intersects the diagonal x n + I = X n. The stability of the fixed points depends on the slope of the curve f" ( x) at the fixed points. As long as this slope lies between + I and -1 the fixed point will be at least locally stable attracting. Let us denote by [Ii xl the subset of points p. in the parameter space K for which there are stable fixed points x I. At the boundary of [Ii xl the stable point XI undergoes a flip bifurcation; the fixed point becomes unstable and a stable orbit of period 2 is born. This orbit of period 2 may now be written X2 and found either algebraically from X2 = f;( X2) or graphically from the intersection between the map f;(x) and the diagonal. The stability of this period 2 orbit depends, again, on the slope of the cu~e f;(x) at these points. Let us denote by [fI x2 the subset of points .IL in [fI xl = int(K " (J> xl), for which the periodic points X2 are stable attracting. Beyond the boundary of (J> x2 the period 2 points will in turn become unstable and bifurcate to give an initially stable orbit of period 4. This in turn gives way to a orbit of period 8, and thence to a hierarchy of bifurcating stable orbits of periods 16,32,.. . ,2 n. In each case, the way in which a stable orbit of period k becomes unstable, simultaneously bifurcating to produce a new and initially stable orbit of period 2 k, is basically similar to the process for k = 1. Let k = 1,2,...; then f1 Xk = {ILeK: 3xeI such that f "k( x) = x, fj( x) * x, 0 < j< k, Our investigation on the dynamic properties of Equation (5) A normal beating heart can be characterized by a time-invariant stroke volume that is asymptotically stable. By asymptotic stability of a timeinvariant stroke volume we mean that if the stroke volume is perturbed slightly from its time-invariant value, then all subsequent stroke volumes remain in a corresponding small neighborhood and tend to it under iteration. As in the case of a constant sequence (time-invariant) of stroke volumes, by asymptotic stability of a periodic sequence of stroke volumes we mean that the sequence of the stroke volumes has a neighborhood of stroke volumes that tend to it under iteration.
Consider the system defined in Section 2. Let fjJ ~ be the subset of points p. in K for which the heart ejects time-invariant asymptotically stable stroke volumes Yn' that is, the subregion in the parameter space for which we have a normal beating heart. And, let fjJ ~, k > 1, be the subsets of points p. in K for which the heart ejects time-variant, k-periodic, k > 1, asymptotically stable stroke volumes Yn' that is, the subregions in the parameter space for which we have an abnormal beating heart. Let k = 1,2,...; then fjJ~ = {p.EK: 3Yn = yn(p.), n = 0, 1,2,..., which is asymptotically stable, such that Yn+k = Yn and Yn+j *' Yn, j < k}.
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Note that the case k = 2 corresponds to mechanical altemans. Our objective is to find these sets fJI ~ , k = 1, 2, . . .. Achieving this objective will provide physicians with quantitative information regarding the location of parameters that correspond to the normal and abnormal beating heart. Such information can provide one with the factors that maintain the normal beating heart and those that cause abnormal beating.
Let 9'; be the subsets in K defined and found above, numerically. In the following we will prove that 9~ = 9';, k = 1,2,... .
Note that we found (numerically) only the one-dimensional subsets of 9';, which yield by fixing 11 of the coordinates of JL.
THEOREM 1
Consider the one-dimensional discrete dynamical system defined in Section 2, Since (10) ensures that the last equation has at most two solutions, there is an integer mo such that
and in conclusion
Substituting (16) into (15) we obtain, for m = 1,
Hence, from (13) we obtain k1 = pk, and by (7a) and (8a) we conclude that p= 1.
For j< k, we have Xj=f!(xo)*xo, because otherwise (12) cannot be satisfied. This complete the proof of our theorem for the sufficiency part.
The necessity follows immediately for j = k. If there exists j < k such that (12) does not hold, than by arguments similar to the above, we obtain a contradiction to the assumptions of this part of the theorem. . Proof. Let p.E£1'~, k=1,2,..., and let xo=xo(p.) be a stable attracting k-periodic point of f/". With no loss /of generality we can assume that 'P,,(xo) = Yo * O. By Theorem 1 the orbit of Yo, that is, the sequence {Yn}n, is k-periodic [see Eq. (12)]. The asymptotic stability of Yo and its orbit follows from the continuity of 'P". Hence £1'~ C £1'~. Now, let p.EfJ>~, k=1,2,..., and let Yn(p.),n=0,1,..., be the corresponding asymptotically stable k-periodic sequence. With no loss of generality we can assume that Yo * O. The asymptotic stability of this sequence, that is, of the orbit of Yo, implies that there is a corresponding orbit of Xo such that 'P,,(xn) = Yn' n = 0, 1,2,..., that is asymptotically stable, and by Theorem 1 it is k-periodic. Hence fJ>~ C £1'~, and this completes our proof. .
CONCLUSION AND DISCUSSION
The cardiovascular system is described by a one-dimensional nonlinear discrete-time dynamical system that depends on several parameters. In this model the heart is represented by a single contracting ventricle (the left ventricle) and the vascular system is lumped into two elements, a total compliance and a total resistance. The state variable is the end-diastolic volume (ED V). The mechanical and hemodynamic properties of the heart and the circulation characteristics of the vascular system are represented by time-invariant parameters. Applying stability analysis to our model we find those domains in the parameter space in which EDV is a stable fixed point and those in which it is a stable and k-periodic point, where k = 2,4,8, . . . .
Furthermore, the stability analysis provides us also with the relationship between EDV and all the parameters encompassed in our model. The relations are evident from Figures 2a-2g. More specifically, in the case of a stable fixed point, EDV decreases when positively inotropic stimulations are caused by increasing Fs and decreasing Ls (Figures 2a and 2b ) and when we increase the mitral resistance Rm (Figure 2c ). On the other hand, EDV increases when the vascular resistance R, the aortic resistance R a' the cardiac cycle T, and the blood volume V increase (Figures 2d-2g) .
A periodic-doubling is created by a sufficiently large increase of the inotropic parameters ~ and L s and the mitral resistance R m (Figures  2a -2c ) and by a sufficiently large decrease of the vascular resistance R, the aortic resistance R a' the heart rate 1/ T, and the blood volume V (Figures  2d-2g) . Part of our theoretical predictions have intersections with the experimental results of Ritzenberg et al. [17] , where mechanical periodicities were created by inotropic and chronotropic simulations. Nevertheless, part of our predictions are not generally accepted in the physiological literature. The most prominent example is our prediction that MA is anticipated as a result of slow heart rate. Generally, high heart rates have been associated with MA [17] . This discrepancy may be related to the multimechanism nature of MA. Because intracellular calcium is increased and may actually become beat-variable during high heart rates, the appearance of MA in this case cannot be predicted by the present model, as we can analyze only cases in which parameter values are beat-invariable. However, our experimental studies [5] have shown clear evidence that MP can be invoked by decreased heat rate.
Our theoretical results on the stability of EDV are extended to the stability of the stroke volume (SV). We show by Theorems 1 and 2 that for every point in the parameter space there is a one-to-one correspondence between fixed and k-periodic stable EDVs and fixed and k-periodic stable SVs, respectively. Therefore, normal and abnormal behavior of the beating heart are related to different regions in the parameter space. On the transition between the regions that correspond to normal and abnormal beating heart there is a bifurcation that gives rise to a pair of attracting points of period 2, correspondings to mechanical altemans (MA). This period doubling continues in the region of the abnormal beating heart. In this way we obtain the subregions that correspond to other mechanical periodicities (MPs).
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